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ABSTRACT

In this paper, We introduced the Generalized n'k-Pell Sequence{gyninen by changing the initial
conditions. We obtain the Binet's formulas and Generating functions and some identitiesfor this
Sequence. In addition, we derive some sum formulas, using the Binet’s formula of Generalized n"k-Pell
Sequence.

Keywords: k-Fibonacci Sequence, k-Lucas Sequence, k-Pell Sequence, k-Pell Lucas Sequences.
2020 Mathematics Subject Classification: 11B39, 11B83, 11B37, 20G20, 05A15.

Introduction

The n'" Fibonacci sequence{F, },enis defined byF, = 0,F, = 1and E, = F,_; + F,_,, n = 2and n®"
Lucas Sequence{L,} ey is defined byL, = 2,L; =1 and L,, = L,,_1 + L,_,, n = 2[17]. Many authors have
generalized the Fibonacci sequence by changing the initial conditions or changing the recurrence
relations somewhat. Example of such variations include the Generalized Fibonacci sequence, Jacobsthal
sequence, Tribonacci sequence, Pell, Pell-Lucas, Modified Pell Sequences (see [3, 4, 11]). The Pell
Sequence {P,},enis defined byP, = 2P,_; + P,_,, n = 2 with initial terms P, = 2,P; = 1 and if we change
the values of the initial terms PL, = 2,PL; =2 and q, = 1,q; = 1 they are called the Pell-Lucas and
Modified Pell Sequences, respectively. Binet's formula for the Pell Sequence {B,},eyand Pell-Lucas
numbers {PL,} ey are [18].

a,n — ﬁn

P,
n a—R

andPL, = a™ + "

respectively, where a =1 + \/f,ﬁ =1 —+/2 are the roots of the characteristic equation x2-2x-
1=0 andAlso, we obtainthata + 8 = 2,a — B = 2v/2,a8 = —1.
Preliminaries

Falcon and Plaza [14]introduced the k-Fibonacci Sequence, which is one of the generalizations
of the Fibonacci sequence. The nk-Fibonacci Sequence {Fy,}nenfor any positive real number k, is
defined by

Fin =kFen-1+ Fen-2 Fro=0F;=1n=2 (1)
then'k-Lucas Sequence {L; ,}nenfor any positive real number k,is defined by
Lin = klgn-1 + Lin-2, Lo =2,Lgs =k,n =2 (2)

Catarino [6] defined k-Pell sequence by the recurrence relation: The n'k-Pell Sequence
{P. }nenfor any positive real number k,is defined by

Pk,n = 2Pk,n—1 + kPk,n—Z: Pk,O = 0, Pk,l =1n > 2 (3)
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Binet's formula for the nk—Pell Sequence is [6]
Py =2 ()

r1—T2

Where 1, =1++1+k,r, =1—+1+k are the roots of the characteristic equationx? — 2x —
k=0.

Also, the k-Pell Lucas{Q,,},eyand Modified k-Pell {q,,},enn = 2sequence are defined by: Q. , = 2Qx -1 +
ka,n—Zt Qk,O = 2' Qk,l = 2'
and
Qin = 2qkn-1+ Kqrn-2,qro = L qra =1n = 2.
respectively. For more detail about these sequences see works of Catarino and Vasco [6-8].

In this paper, we introduced the Generalized n"k-Pell Sequence by changing the initial conditions. Also,
we obtain the Binet's formulas and Generating functions and some identities for this Sequence. In
addition, we derive some sum formulas, using the Binet's formula of Generalizedn'k-Pell Sequence.

the Generalized nk-pell Sequence

In this section, we introduced the Generalized nk-Pell Sequence{gyn}nen. For this
Sequence,we derive the Binet's formulas, Generating functions and certain identities.

Definition 3.1.Fork 2 1 n 2 0, the Generalized n"k-Pell sequence {gin,}nen is defined
recurrently by

Irn = 29kn—1 + kgk,n—Zr

Jko =29k =k—-1nz=2 ()
Here, the initial conditions of the k-Fibonacci sequence and k-Lucas sequence are subtracted to
from gy and g, respectively. gyo= Lxo— Fro =2, gk1 = Lg1— Fy1 =k —1 The few terms of

the Sequence g, are
2, k—1,4k—2,k> + 7k — 4, 6k* +12k —38, ......

The explicit formula for the n' term of the Generalizedk-Pell sequence is now found: Consider
the characteristic equation associated with the recurrence relation (5),

x2-2x—k=0 (6)

With two distinct roots a and B of the equation (6) are a =1+V1+k,f=1—-+V1+k, k=1
Sincevl+k >1then <0 so, B <0<a.Note thatsince k >1thena+p=2,a—p=2v1+k,af =
—k.

Theorem 3.1 The Binet's formula for the generalized nk-Pell Sequence gy, »is as follows:

a(k-2B-1) B"(k-2a-1)
Ikn = B - Py (7)

Wherea, 8 are the roots of (6).

Proof.Thea = 1+ 1+ kand g =1 —,/1+ k,are the roots of equation (6), the sequencegy , =
Cia™ + C, " (8)

is the solution of the equation (5). We derive the distinct values C; = U‘;Z—i,_l)and C, = %
by givingn the values n = 0 and n = 1 and solving this system of linear equations, Now using equation (8),
we obtain

_a'(k=2-1) p"(k—2a—1)

Irkn = a— ﬁ a— ﬁ
Theorem 3.2 The Generating functions for the generalized n"k-Pell Sequence is as follows:
) 2+kx—5
G(xX) = Tpoo Gimx™ = T2 ©)

Proof. The Generating functionG (x) is defined as follow:



Dr. Rajesh Vyas Kasturba, Dr. Manjeet Singh Teeth & Ms. Neelam Dawar: A Generalization of.... 25

G(x) = Z GinX™ = Gro + GraX + GraX? + Gezx® + 4+ Gen + o
n=0
Using the initial conditions, we get

Gx)=24+(k—-Dx+ Z Irenx"

n=2

=2+Gk-—-1x+2 Z Jrn-1X" +k Z Ikn—2x"
n=2 n=2

=2+ kx —5x +2x Z JienX™ + kx? Z X"
n=0 n=0
G(x)(1—2x —kx?) =2+ kx — 5x
and hence the Generalized n'k-Pell Sequence’s Generating functioncan be expressed as

2+kx—5x
G(x) = Tzo Gron X" = o

Theorem 3.3.(Catalan’s identity).Letg, , be the Generalized n"k-Pell Sequence for n 2 1, we get
gk,n—rgk,n+r - gk,nz = (_1)n_r+1kn_rpk,r2[k2 — 10k + 5]
WhereP, . is k-Pell Sequence.

Proof.Applying a8 = —k and Binet’s formula (7)

[a™ T (k—2p-1)—p" " (k—2a-1)]
[Ol"+r(k—2ﬁ—1)—ﬁ"+r(k—2a—1)]—
[a™(k—2B8-1)-B"(k—2a—1)]?

Iren-rIrkn+r — gk,n2 = (a—pB)?
— (k‘zﬂ‘lz(kzza‘l)[zanﬁn — QT NAT — gntTpneT]
(a=B)
a™ - p"
= (-1 T[k2 — 10k + 5] 4
a—p

= (—1)VTHERT (k2 — 10k + 5]Py 2
Using(4) the Binet's formula of k-Pell Sequence.
Theorem 3.4 (Cassini’s identity). Let g, , be the Generalized n'"k-Pell Sequence forn 2 1, we get
Iin-19kn+1 — Jrn® = (1)K [k? — 10k + 5]

Where Py, is k-Pell Sequence.

Proof.Put r = 1 in Catalan’s identity obtained, we get the cassini’s identity.
Theorem 3.5 (d’'Ocagne’s identity).Ifm and n are positive integers, and m > n then
imTkn+1 = Gieme1Jin = (1K™ P _n[k? — 10k + 5]
wherePy ,,,_,, is k—Pell Sequence.

Proof.Applying af = —k and Binet's formula (7)
(k—28—-1(k—2a—-1)
_ (@a=pB)@mp" —a™p™)

JkmIkn+1 — Gkm+19kn = (a — B)?
aTan — anﬁm
a—p
= (—1)"Kk" Py m—n[k? — 10k + 5]
using (4) the Binet's k-Pell Sequence formula.

= (=k)"[k? — 10k + 5]

Theorem 3.6 For positive integers k = 1,2,3,.. and integer n > 0, lim Jknt1 — o which is a root of the

n-° Gkn

equation x? —2x — k = 0.
Proof.
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an+1(k _ Zﬁ _ 1) _ 'Bn+1

lim Grn+1 _ — lim (k—2a—-1)
n>° Gn  noe a(k—2-1)—p"
(k—2a-1)
n+1 [q _ B (k—2a-1)
— lim a [ a™t(k-2B-1)

now n _ B (k—2a-1)
@ [1 a™*1(k-2B-1)

_ BM(k-2a-1)

— i “[ ami(k—2-1)
riey [1 - EGzeD
a™*1(k-2B-1)

since|Z| < 1thenlim (&)™ = owe get,
n-e

lim Zknt1 kn+1 —

n-< GJkn

The following are some properties of Generating functions for the Generalizedn®k-Pell
Sequence.

Theorem 3.7 Let m and n be the positive integers and g, ,,Generalizedn®’k-Pell Sequence. The following
equalities are valid:

1 2 X" k+2kx-1
. n=09kn+1 1 2x—kx?
24P m(KX—Xx)—2XPl miq
2. x"
2” 09k;mn i x(@™+B™M)+(—1)MkMx2
Piyr(k—1)—(=1)™k™
(k_l)Pk,r—m"‘ZkPk,r—l
3 Zoo g X" = —zx(_l)m+1km+1pk,r—m—1
: n=0Jkmn+r 1-x(a™+B™M)+(—1)Mk™Mx2
2-10x
4. ®_ ==
Zn—O Gk,2n 1-4—-2kxx+k?x?
x+k+4xk—k?x
5. XM=
Zn= 0Gk2n+1X " = T e

Where P, is k-Pell Sequence.
Proof. 1. By applying Binet's formula (7)

. a,n+1(k _ Zﬁ _ 1) _ ﬂn+1
Z gk,n+1xn =
n=0

(k=2a-1)
[a(k Zﬁ—l)z nn ﬂ(k—Za—l)z nn]
= B

a=p
1 [a(k—Zﬂ—l) /)’(k—Za—l)
(@=p)[ @A-ax) (1= Bx)
_k(@—p) +2kx(a—p) — (@—F)
(@ —B)(A —x(a+ p) — kx?)
_ k+2kx-1
T (1 -2x—kx?)
Similarly, by using of Binet’s formula given in (7), 2., 3., 4., 5. can be shown.
Theorem 3.8 For arbitrary integersm, n, j=1andj=m + 1, we get:
(k=D[(-D)™K™
(Pk,mn+j_Pk,j—m)
—Prmn+m+j+tPrjl+
Zk[(_l)mkm(Pk,mrHj—l_
Pk,j—m—l)_Pk,mn+m+j—1
+Pgj-1
1-(a™m+B™M)+(~1)mk™

P~
IIM8
(=]

n n —
1. Yizo kmi+jX =
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(=D[(-D)™K™
( )

Pimn—Prm=Prmn+m
\2[1+(_1)mkm+1Pk,mn—1/

_Pk,m+1_Pk,mn+m—1

n M —
2, Zi=0 Grk,miX 1-(a™+B™)+(—1)mk™

(k2 +K)[Pin+ j—Pr, j-1]

+(k+1) [Pk,n+j+1_Pk,j]

+2k?[Pnsjo1—Pr j-2)
k+1

3. Yi=o gk,i+jxn
Where Py, is k—Pell Sequence.

Proof. 1. Applying a8 = —k and Binet's formula (7)

[amlﬂ (k Zﬁ _ 1) ﬁml+]
I

|

n

n
Z Ikmi+j = Z
i=0

i=0

I
|
[al(k—Zﬁ—l)Z( m)L_ﬁ (k 2a Z ﬂm)l]
=0

ek =28 - D) (@™ — 1) BI(k - 2a - 1)(ﬁmn+m -1)
_[ (@™ =1 (a—p) (B™ —D(a—p) ]
(k= D[ED™E™
(Pk,mn+j - Pk,j—m)
_Pk,mn+m+j + Pk,j] +
2k[(_l)mkm(Pk,mn+j—1 -
\Pk,j—m—l) - Pk,mn+m+j—1 /

+Ppj1
T = (am + ™) + (1)
Using (4) the k-Pell Sequence Binet's formula.Similarly,2. and 3.can be demonstrated by
applying Binet’s formula, which is provided in (6).
Conclusion

A new Generalizednk-Pell Sequence has been presented and examined. This
sequencegenerating functions and other attributes are inferred. In the future, we think that it can be found
many more properties of these Generalized n" k-Pell Sequence.
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