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Abstract

In this paper, we investigate Toeplitz determinants associated with subclasses of p-valent q-starlike and
q-convex Ma-Minda functions defined via the Jackson q-derivative operator. By employing subordination
techniques together with coefficient estimates for functions having positive real part, we derive upper
bounds for the Toeplitz determinants T,(p + 1) and T;(p). In several cases, the obtained estimates are
shown to be sharp through appropriate extremal functions. Our results unify and extend various earlier
results available for classical univalent and multivalent function classes. Furthermore, by letting q — 17,
the corresponding results for the classical Ma-Minda starlike and convex classes are recovered as
special cases. Applications to certain subclasses associated with Janowski, exponential, and cardioid-
type domains are also discussed.

Keywords: Multivalent Functions, q-Starlike Function, q-Convex Functions, Subordination, Toeplitz
Determinants, and Coefficient Bounds.

Introduction
Let A, denote the class of the functions of the form

f(z) = zP + Z an+pz™*P, (p €N,z € U). (1.1)
n=1

In particular, for p = 1, we denote A, = A. A function f € A is said to be univalent in U, denoted
as f € §, if it satisfies f(z;) # f(z,) for any distinct z;,z, € U. The notion of subordination for functions in A
is introduced as follows: A function f is subordinate to g in U, denoted by f(z) < g(z), if there exists a
Schwarz function w(z) satisfying specific conditions such that f(z) = g(w(z)) for all z € U. Furthermore, if
g is univalent in U, then f is subordinate to g if and only if f(0) = g(0) and f(U) < g(U). Additional details
on the Schwarz function can be found in [15]. Let P denote the class of analytic functions p defined in the
open unit disk U, such that p(0) = 1 and R(p(z)) > 0. Furthermore, p € P if and only if the subordination
p(z) < (1+2)/(1 —z) holds. It is a recognized principle that a function f € § is categorized as starlike
(fe S§*) or convex (feC) provided there exists a function p € P for which zf'(z)/f(z) = p(z) or 1+
zf"' (2) /f'(z) = p(z) is satisfied for all z € U, respectively. For a more comprehensive discussion on these

function classes and their associated properties, one may refer to [1] and [15].

Let Y(z) be an analytic function in U with a positive real part, satisfying ¢(0) = 1 and y'(0) > 0
and mapping U onto a region that is starlike with respect to 1 and symmetric about the real axis. In such
cases, Y (z) admits an expansion of the form

Y(z) =1+Byz+Byz2 + -, (B, >0,z € U).
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The class Sp(y) consists of p-valent starlike functions classes for which f € A, and satisfying
the subordination condition

1@ v zew, (1.2)
p f(2)
while the class C, () of p-valent convex function class and is defined by the condition
l<1 + Zmz)) < U(2), (z €W). (1.3)
p f"(2)

Ali et al. [5] studied these classes and established sharp distortion, growth, covering and
rotation theorems. The classes S7(y) and C,(J) include several wellknown subclasses of p-valent
starlike and convex functions as special cases.

For an analytic function of the form

1+(1- %Y) z
VY@=
the definition of S; () leads to

zf'(z) p+(p—2y)z
f(z) 1-z
A function satisfying the above condition belongs to the class of p-valent starlike functions of
order vy, denoted by S;(y). For p = 1, the classes S;() and C, () were introduced and analyzed by Ma
and Minda (see [29]). Additionally, we define
8§5(0) = 85,87(y) =8*(y) and §7(0) = 8™
Quantum calculus, commonly referred to as g-calculus, is a branch of mathematics that
operates independently of limits. Its significance extends across various fields of mathematics and
physics, where it plays a crucial role in areas such as ordinary and fractional calculus, basic
hypergeometric functions, orthogonal polynomials, and combinatorics. The versatility of g-calculus makes
it a powerful tool for addressing complex mathematical problems across multiple disciplines. Let q €

(0,1), the q derivative (also known as the g-difference operator), originally introduced by Jackson [20], is
defined as follows,

,(0<y<pzeU).

_ f(z) — f(qz)
(qu)(Z) = W, (Z * 0)

It is important to note that if f is differentiable at z, then
C}l_)trll_ (qu) (z) =1f'(2).

For a function f of the form (1.1), the g-derivative takes the form

(Dyf)(@) =1+ [n]qapz™?t
q HZZ q

where
n

[nla = 5 =4 € (O
Clearly, as g — 17, we observe that [n]; — n, recovering the standard derivative. Also, we have
[n+ p]q = [n]q + qn[p]q = qp[n]q + [p]q
[n —plq = q7P[n]q —q7P[plq
[O]q =0, [1]q =1
For further details on the definitions and properties of g-calculus, the reader may refer to [11],

[20] and [23]. In this article we now use the following multivalent classes of starlike and convex function
for which the various Toeplitz bounds are obtained in the light of g-calculus.
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. Definition 1. The class S, of g-starlike functions was proposed and examined by Ismail et al.
in[19]. A function f € A, is said to belong to the class §j  if and only if

1 <Z’qu(z)> @ ©01) u}

— <9(2),q€(0,1),z€Uy.

blg\ f@ )~ #9

In the limiting case q — 1~together with p = 1, the class Sy 4(¢) reduces to the class $*(¢).

Spa(@) = {f € Ay

. Definition 2. The class C,4 of g-convex functions was introduced by Ahuja et al. in [2]. A
function f € A, is said to be in the class C, 4 if and only if

1 <Dq(z’qu(z))

Cpq(@) = {f € a‘lpzﬁ Dof (@) ) <¢(z),q€ (01),z€ ‘U}

Further, in the limiting case q — 17and p = 1, the class C,, 4 (¢) reduces to the class C(¢).

Hankel and Toeplitz matrices share a close relationship. A Hankel matrix is defined by the
property that its entries remain constant along each reverse diagonal. Ye and Lim [35] showed that, in
general, any n X n matrix over C can be expressed as a product of certain Toeplitz or Hankel matrices.
More recently, S. Giri and S. Sivaprasad Kumar [13] introduced the notion of a Toeplitz determinant
whose entries are formed from the logarithmic coefficients of functions belonging to the class A. They
investigated the precise bounds T,;(f) = vy — v3 and T,,(f) = v — v3 for the classes $*(¢) and C(y).
One can see that B. Bhowmik et al. [8] obtained the successive coefficients and toeplitz determinants for
concave univalent functions class Co(p) defined in the unit disc U having a simple pole at z = p. Similarly
in 2023, V. Arora et al. [7] determine the successive coefficients for functions in the spirallike family.
Actually they compute the bounds of successive coefficients ||an+1|—|an|| for the family of univalent
functions that are spirallike functions of non-negative order. These results provide the alternate simple
proof for the case of univalent spirallike functions.\

In 2020, A. Lecko [28] determined the fourth-order Hermitian Toeplitz determinant for convex
functions. The same author further established sharp bounds for the Hermitian Toeplitz determinants
corresponding to several subclasses of close-toconvex functions; see [28]. Moreover, V. Kumar and S.
Kumar [26] investigated bounds for Hermitian Toeplitz and Hankel determinants associated with strongly
starlike functions. More recently, T. G. Shaba [17] derived boundary values of Hankel and Toeplitz
determinants for the class of q convex functions by introducing a new g-differential operator defined via
generalized binomial series. In a similar direction, P. Jastrzebski et al. [22] obtained the Hermitian
Toeplitz determinants of second and third order for certain subclasses of close-to-star functions. It is
important to note that Toeplitz symmetric matrices are characterized by constant entries along each
diagonal. For a given function

f(z) =7+ 2 a,z"
n=1

we associate a determinant T, (n) defined as follows:

an An+1 w+ Anim-1
An+1 an An+m
Tm(n) = . . . ,
An+m-1  An+m -+ an

where m,n € N. The bounds of |T,(n)|,|T5(1)|, and |T5(2)| for the class §* and § were
investigated by Ali et al.[6] in 2017. After that, for small values of m and n, several authors studied the
Toeplitz coefficient bounds T, (n) for various subclasses of S in recent years. Especially [[9],[101,[12],[25]]
obtained the coefficient bounds of various subclasses of starlike and convex functions.
Inspired by these studies and recognizing the importance of the Toeplitz determinant for univalent
classes, we now introduce the p-valent Toeplitz determinant associated with function

f(z) = zP + Z ap4pz™*P
n=1
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as follows:
ar1+p an+p+1 an+p+m—1
ar1+p+1 ar1+p ar1+p+m
Tm(n+p) = . . .
ar1+p+m—1 ar1+p+m an+p
Consequently, we obtain
a a a a
p+1 p+2 p+2 p+3
T,(p+1)= ,To(p+2) = ,
2(p ) ap+2 ap+1 2(p ) ap+3 ap+2

1 dp+1  Ap+2
Ts(p) =|3p+1 1 @pa| and Ts3(p+1) =
ap+2 ap+1 1
Also we note that

Ap+1  dAp+2  Ap+3
Ap+2  dAp+1  dAp+2
Ap+3  dAp+2  dAp+1

etc.

TL(p+1)= a§>+1 - 312)+2
and
T(p)=1- 23;2;+1 - 3p+2(3p+2 - Zaf>+1)-
This article presents sharp estimates for Toeplitz determinants T,(p + 1) and T;(p) for functions

that belong to the S; () and C,, () classes. The functions K, 4({) and Hpy (), which are defined as

follows:
1 zDy(Kp, Y(z)
E% =), (z € U KpqU(2) € Ap), (1.4)

and

1 2Dq(DgHp gV (2))
E( + W) = lll(lZ), (Z € ‘U, Hp’qlll(Z) € rﬂp), (15)
respectively, these functions belong to the classes S; () and C, (). We shall employ these
functions to demonstrate the sharpness of our results in certain instances. It is a classical result due to
Grenander and Szego6[16] that if a function s € P is given by s(z) = 1 + ¢,z + c,z2 + c3z% + -+, we have
|cy| < 2.The main results of the present work are derived using this well-known estimate by relating the
coefficients of functions in the classes S; () and C,, () with those of functions belonging to the class
P. Furthermore, we shall make use of the Fekete-Szegd functional estimates for the classes S; () and
Cp,q(P). Ma and Minda [29] used the symmetry of the image of ¢ to guarantee that the coefficients of ¢
are real, and we follow this assumption for the first two coefficients. In addition, they employed the
univalence property in defining the function s;, where

() = LT OIG@)
1+ (s(2)
The above condition can be relaxed by adopting the definition of s; given in equation (2.2).
Toeplitz Coefficient bounds

In this section the sharp bound for T,(p + 1) = af,ﬂ - aIZ:,Jr2 is given by Theorem 3 and Theorem
8 for the functions € S; () and f € C,, () respectively.

2
. Theorem 3. If f€ S} () and @(z) = 14 B;z + B,z 4+ -+ with 0 <B; < |B2 + Bl;}p)]q|, then the
Toeplitz determinant T, (p + 1) satisfies the sharp bound:
L S 1)
[T, (p + DI qup[z]é FBI‘FBZ +ﬁ31.
Proof. Since f € 87 (), there is a function w in the class Q of Schwarz functions satisfying that
zD,f(z)
= o(w(2). 21

[plof(z)
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Associated with the function w, define the function s;: U — C by
1+ w(z)

Sl(Z) = 1——V\/(Z) =1+ C1Z + C2Z2 + -, (22)
so that
_si(m)—-1 1 1( 12>2
w(z)—SI(Z)_|_1—2c12+2 Cy 2c1 Z% + - (2.3)

Clearly, the function s, is analytic in U with s;(0) = 1. Since w € Q, it follows that s; € P. Using
(2.3) and the Taylor series of s given by yi(z) = 1 + B,z + B,z? + B3z3 + -+, we get

1 1 1\ 1,
llJ(W(Z)) =1+ EB]_ClZ + <EB1 (CZ - EC:L) + ZBZCI) Z2 + .-l (24)
Since f(z) = zP + ¥, an.pz"*P, the taylor series expansion of the function [Z:]qﬁg is given by
q
zDq4f(z) qPapiq <q" [2]q @ ) 2
= ayep ———a 7% + - 2.5
Pl ol U T @

Using (2.1), (2.4), (2.5) the coefficients ap,, and ap,, can be formulated using the coefficients c;
corresponding to s € P and B; of ¢ as shown below:

(p]
dp4+1 = HSB1C1 (2.6)
and
[p] [p]
B2 = 031 C‘qp q—quf — B, + B, |c2+2Bc, |. 2.7)
q

The equations (2.6) and (2.7) (see Ali et al.[4] for a general result for p-valent functions) readily
shows that

[plq Bi[p]q U[p]q[Z]qB§ . IJ-[P]q[Z]qBi B%[p]q
[Z]qqp( 2T T ) @ =BT Bt
By[p] Bilplq _ HIplq[2]qB] Bi[p]
|ap+2 _Halzn+1| = [zlqugi 2~ 1+%S$5 Bz"‘&"‘%: (2.8)
[p] Bi[p] Hlplq[2]qBTY | HIplq[2]BE Bi[p]
Since |c,| < 2. the equation (2.6) shows that
[plq
|ap+1| < ?Bl (29)
B%[p]q . . .
and 0 < B; < |B2 + T|’ the equation (2.7) readily yields
[plq |lplq .,
lapsz| < Pl [ BT B (2.10)

Using these estimates for the second and third coefficients given in (2.9) and (2.10) , we have

(P13 ([p]q [pl3

2
2 2
IT(p + DI = |ads, — a4 | < |apsz]|” + |apsa] SW —Bf"‘Bz) +@Bf-
q

qP
The result is sharp for the function K, qW(z) given by (1.4). This function K, q(z) has the Taylor
series given by

KpqU(2) = 2P —

PlaBs ..., [Plg (B% [p]
qp

a p+2 ...
qp[Z]q P + B2> 4 .
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The Taylor series can be obtained by noting that Kp‘qllJ(Z) corresponds to the function f given by
(2.1) when w(z) = iz. In this case, p;(z) = 1 + 2iz — 2z + ---. With ¢; = 2i and ¢, = =2, we get a,,; =

—Up] [plq (Ip]
- 4B, and apy; = qp[Z(} ( 1B2 + Bz) Clearly, for the function K, ;Ui(z), we have
2 2 [pld ([p] [p]
IT2(p + DI = [af41 = ahsa| < |apaa|” + |2z qu[q] (qpq B + Bz) + 5 B
proving the sharpness. O
) Remark 4. In the classical limit ¢ - 17, we have [p]q — p and g° — 1. Then Theorem 3 reduces

to:
p?
IT,(p+ DI < I(DB% + B,)% + p?Bi.

For the special case p = 1, this further simplifies to the well-known bound for univalent starlike
functions S*(Y) :

1
la — a3| < Z(B% + B;)? + B2
Thus, Theorem 3 generalizes and unifies several classical results in geometric function theory.

. Corollary 5. Under the same hypotheses as Theorem 3, the difference between the absolute
values of the first two non-zero coefficients satisfies:

[plq |Iplq

[p]
ol =l < st o]

+F31.

Proof. By the triangle inequality:

||ap+2| - |ap+1|| < lapsa| + apsal-

[plq |[p] .
Using the bounds a4 | < [Ply B1 and |ap.,| < qp[zc]‘ qp" B? + B2| from Theorem 3, we obtain the
desired inequality. O
. Corollary 6. Under the same hypotheses as Theorem 3, the coefficient ap,,, satisfies the sharp
bound:
[plg |[plg
a < ——=B2 + B,|.
lap+z| = Gy, [Tqp B + B2

Proof. Sharpness is attained by the extremal function K, qW(z) given in Theorem 3. O

. Corollary 7. Under the same hypotheses as Theorem 3, the ratio of the second non-zero
coefficient to the first non-zero coefficient satisfies:

[p]q 2
2| 1 |qP Bi +B;

~ [2]q By '

aAp+1
provided a,,; # 0 and B; > 0.
Proof. From Theorem 3, we have the sharp bounds:

[plq [[plq
202l < o, [op

and from equation 2.8 in the proof of Theorem 3, the coefficient |ap+1| can be arbitrarily close to

—9B2 4B,

]

%31 (by taking |c;| = 2 ). Therefore:



Pradeep Kumar & Amit Soni: Quantum Calculus Meets Toeplitz: Sharp Bounds for p-Valent..... 159

[plg |[Plg > ‘
—5-B{ +B
ap+2| _ |ap+2| qp[z]q qp 1 2
Api | |ap+1] %Bl
Simplifying the common factor % gives:
[plg >
Ap+2 Si‘ q_pB1 + B, _
Ap+1 [2]q B,
This completes the proof. O
. Remark 1. The following 3D graph shows that how the bound of the Toeplitz determinant T,(p +

1) changes with respect to the parameters q and B;. The surface clearly shows that when the
value of q decreases, the bound becomes larger, which indicates that the g-deformation
increases the size of the Toeplitz determinant. Similarly, as B; increases, the bound also grows,
showing that the first coefficient of the subordinant function s plays an important role in
controlling the determinant. Thus, the graph visually supports the analytic formula obtained in
Theorem 3.

. Remark 2. The second 3D surface plot illustrates the variation of the Toeplitz determinant
bound with respect to parameters q and B,. For a fixed value of B,, the graph shows that the
bound increases as B, becomes larger, which is consistent with the analytic expression of the
coefficient ap,, in Theorem 3. In addition, the surface rises sharply for smaller values of q,
indicating that the g-deformation amplifies the determinant bound. Thus, the graph provides a
visual confirmation of the theoretical behavior derived earlier.

. Theorem 8. If f€ C, 4(¢) and @(z) = 1+ B;z + B,z% 4 -+ with 0 <B; < |B2 +%Bf , then the
Toeplitz determinant T, (p + 1) satisfies the sharp bound given
by

2
IT,(p+ DI <

(P14 ([p]qB% N > [p]§ )
[2+pl2a?P[2]2\ qP ?) TqPPlp+ 12t
Proof. Let f(z) =zP + X1, an4pz™P and ¢@(z) =1+ B;z+ Byz2+ -, Since fe Cyq(9p), a
function w in the class Q of Schwarz functions exists such that definition 2 can be written as

1 quq(qu(z))> B
bl (1 7qu(z) = op(w(2)). (2.11)

Using the taylor series expansion of the function f(z), we obtain

L qZDq(qu(Z))> _ <qp[p + 1]qap+1>
[p]q<1+ i ) T )’

(2.12)

([Z]q[p +2]gqPaps2 [P+ 1]2qpa§.+1> 2
1F [p13
Then using (2.11), (2.12) and (2.4), the coefficients a,,; and a,,, can be expressed as a
function of the coefficients c; of p € P given by

[p13

=————8B8
dp+1 2qp[p+1]q 1C1

and

[p]a Bic,  1([plq 2 2
ap+2—m 2 +Z FBl_Bl-l—BZ Ccy |-
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In view of the well-known estimate |c,| < 2 for functions p; with positive real part, we conclude
that

Plp+1lq
Considering the function f € Cp q(¢), one can easily deduce that

lap+1] < (2.13)

|ap+2 - P-3123+1| <

[plg < [plq .,  wlplGlp +2]q[2]q
2

qP[1 + pl3 [p]
z Bﬂzwmap+mw%s————ﬁ m—Bl+E§B%,

[p + 2]q9°] . qP qP[p + 113 [2]aq
[p+2lqa°  qP[1+p]3 [plq qP[1 + pl§ [plq
[p n Z]q 1’ [Z]q <B2 - Bl +FB%> < u[p]é[p + Z]qB% < W(Bz + Bl + FB%), (2.14)

[p]
(Bz +B; + q—qu% < u[pl[p + 2]4B5.

[p + 2]q 9p[2]q <_Bz _[plq : ulplglp + 2]q[2]q %> aP[1+plg
[2] qP qP[p + 113 T 12
Since B; < |B2 + Bﬂglq

| the inequality (2.8) readily gives

2
ol (a7 + 5,

a < 2.15
loreal =~ v 21, @19
Using the bound for a,,; and ap., given respectively, by (2.13) and (2.15), we get
2
[pl5 [p]qB? [plg
2 .—ai,|=< B ————BZ 2.16
21 = 2peal < 3 2BePRE\ @ @ 2) T qPprig (210

The result is sharp for the function Hy 4() defined in (1.5). Indeed, for this function H, (), we have

[p]3B: [pl3 [plqB?
= ——— (——+ B, ) and hence
qP[p+1]q [21qqp[p+21q( + 2)

ap+1 and ap+2 = -

qP

2
[pld [p]qB? [pld

2 a2 — B BZ
[aher = 2l [p +2]29%P[2)2\ qP B2 +q2"[p+1]é !

proving the sharpness of the result. O

. Remark 9. In the classical limit q - 17, we have [p]lq > p,[p+1]q—~p+1,and [2+p]g—>p+
2. Then Theorem 8 reduces to:

4 4

p 2 2 p 2
<— — B2
|T2(p+1)|_(p+2)2.4(p31 +B3) +(p+1)2B1

For p = 1, this further simplifies to the well-known bound for convex functions C(¢) :
1 1
|ag —a3| < %(B% + B,)? +ZB%.
Thus, Theorem 8 generalizes the classical convex function result.
o Corollary 10. Under the same hypotheses as Theorem 8 (convex) and Theorem 3 (starlike), the
ratio of the Toeplitz determinant bounds for convex and starlike functions is:

T e+ D] [ely (213

|Tzstarlike (p + 1)| = [p T 1]5 [2 n p]é
In the classical limit q — 17, this ratio becomes:

|T2convex (p + 1)| - 4p4

|Tzstarlike (p + 1)| - (p + 1)Z(p + 2)2-
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For p = 1, this gives % = % showing that convex functions have Toeplitz determinants at most
one-ninth of starlike functions.

Proof. Divide the bound from Theorem 8 by the bound from Theorem 3 and simplify.
Theorems 11 and 15 give the sharp bound for the Toeplitz determinant T;(p) for functions, respectively,
in the classes 8 (1) and C, (V). O

2
. Theorem 11. If f € 5;4(¢) and @(z) = 1+ B,z + Byz2 + -, with B, > 0 and B, — 229 < B, <
2
% (2[2]q - 1) — By, then the Toeplitz determinant T;(p) satisfies the sharp bound:
2[pldBf  [plq ([plqBP
T <1+ + + B, B+—2 q—1)B% ).
| 3(p)| qu qu [z]é qp 2 ( ) 1
Proof. Since
1 ap+1 ap+2
Ts(p) = [aps1 1 Apua|=1-2a},; —app(aps2 — 23%4),
Ap+2  Ap+1 1
it follows that
2
|T3(p)| <1+ Zlap+1| + |ap+2||ap+2 - 23;2)+1|- (2.17)
Since 0 <B; <B, + " , the inequality (2.10) gives
[plq [ lq
laps| < 21,0 —B} +By|. (2.18)
2
Since B; + B, < %(Z[Z]q — 1), the equation (2.8) readily yields
[plg ([p]
|apss — 2224 < 2l 2 qp“ 2[2]q—1)B? - B, |. (2.19)

Using these estimates for the second and third coefficients given in (2.9) and (2.18), and the
bound for ap,, — Zaf,ﬂ given by (2.19) in (2.17), we obtain

2[p]aB? | [plq (IplqBi
< 2 .
ITs(p)l <1+ e + AT +B, || —B; + (2[2 —1)B?
The result is sharp for the function K,({) given by (2.1). For this function K,({), we have

_ —Uplq _ _ _[plq (IPlq n2
A1 = p By and ap,, = Pzl ( m Bf + Bz) and

ITs(p)l =1— 23123+1 - ap+2(ap+2 - 2312)+1)
2[pl3Bf . [pla ([plqBP [plq )
=1+ o +q2p[2]g e + B, B2+—(2[2 —1)B?),
proving the sharpness of our result. O

o Corollary 12. For p =1, Theorem 11 reduces to the class S;,(¢) of g-starlike functions. The
Toeplitz determinant T; (1) satisfies:
I, (D] <1+ 28¢ + L<B—% + B2> (—Bz +1(2[2] - 1)132).
a®  @?[2]5\q g !
In the classical limit q » 17, this becomes |T;(1)| <1 + 2B2 +%(Bf +B,)(-B, + 3BZ ),
recovering a known result for univalent starlike functions.

. Remark 13. Under the hypotheses of Theorem 11, the following inequality connects T;(p) with
T,(p + 1) from Theorem 3:
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2
ITy(P)] < 1+ Ty(p + 1)l + z[f[]z]z<@sl+82)< B2+—(2[2 1)3;-%%).

Thus, Theorem 11 generalizes Theorem 3 to higher-order Toeplitz determinants.
Theorem 14. In the classical limit ¢ = 17, Theorem 3 reduces to:

2
p
ITs(p)I < 1+ 2p”Bf + - (PBE + B,)(—B; + 3pB).

For large p, the leading asymptotic behavior is:
4n4

ITs(P)| ~ - asp - o.
Proof. As q — 17, we have [p]q = p,[2]q = 2, and gP — 1. Substituting gives the first result. For
large p, the dominant term is —(sz)(Ssz) 3p 3p'Bi .d
. Remark 3. The three-dimensional surface plot associated with Theorem 11 provides a visual

representation of the behaviour of the Toeplitz determinant T;(p) with respect to the parameters
q and B,. For a fixed value of B;, the bound exhibits a monotonic increase as B, grows,
reflecting the direct contribution of the second coefficient of the subordinating function ¢ to the
magnitude of the determinant. Furthermore, the surface indicates that smaller values of the
parameter q lead to a significant escalation in the bound, thereby demonstrating the influence of
the g-deformation on the coefficient structure of functions in the class 7 ,(¢). The graphical
behavior aligns well with the analytic estimate obtained in Theorem 11, thereby offering a
complementary geometric insight into the dependence of the Toeplitz determinant on the
underlying parameters.

. Theorem 15. If f€ C, () and @(z) =1+ Bz + B,z? + -+, with B; >0 and B, —pB? < B, <
2pB? — B,, then the Toeplitz determinant T;(p) satisfies the sharp bound:
2[pls .,
ITs(p)I <1+

a®lp+13 "
4
[p]q ] <[p1q Bf + Bz) [p] (M — 1> B% — Bz]-

[2 + p)GaP[2]3 qP [1+p]]
Proof. The given conditions on B1 and B, is the same as 0 <B; <B, + [ 1 and, B; +B, <
2
[pz;Bl( [z]q[g)hggu]q ) Since B; < B, + ‘* , the inequality (2.14) gives
q
[p]qu
<971 2.20
|ap+1| = qp[p + 1]q ( )
and
[p]
L (oB2+8,)
a..| < 2.21
Pl < o2l o + 20 @20
2
Since B; + B, < [PlqB3 (“[Zlq[plq[‘;’“]q - 1), the inequality (2.14) gives
qP [p+1]g
22 + 2
[p ]q <[p]q< [p ]q[L T 1?]2(]—[ Jq - 1) BZ — Bz)
ayy, —2a2,,] < a . 2.22
| p+2 p+1| qp[z]q[p+2]q ( )

Using the bound for a,,; and a,,, given by (2.13) and (2.20) and the bound for a,,, — Zaf)+1
given by (2.22) in (2.17), we get the desired result.
The result is sharp for the function H, defined in (1.5). Indeed, for this function H,, we have ap,, =
[PIEBx _ -Ie[Gp'Bi+,)

and a and hence
qP[p+1]q P2 = T gp 2] lp+2l;
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2[plg
ITs(p)| = 1= 2a,; — apsz(apsz —2a3,) = 1+ W‘l'ql]é {

4 2[pl3[P + 2]4[2

Dli___(Ply o\ [Pla (2P + 2002y ) 1
[2+plgaP[2]g \ a® qP [p+1]g

proving the sharpness of the result.

Taking the different values of yi(z), we obtain the Toeplitz bounds T,(p + 1) and Tz (p)
for starlike and convex classes S (W) and Cp, o (V).

. Corollary 16. In the classical limit @ — 17, Theorem 15 reduces to:
2p* p* 5 2p*(p+2)-4 2
< L S — .
|T3(P)|—1+(p+1)231+(p+2)2,4(p31+32) p (+1)?2 1)B; —B;

For p =1, this gives |T3(1)| <1 +%Bf +%(Bf +B,)(5B%Z —B;), a new result for univalent convex
functions.

) Theorem 17. For fixed q and By,B;, as p - o, the bound in Theorem 15 behaves
asymptotically as:

c 8
T3 ()l ~gm P AP

where C is a constant depending on q, B, B,. This shows exponential growth in p due to the q?P
factor. O

Exploring The Special Cases
Y(z) =

< <
B L (1<B<A<1zel)

The Ma-Minda classes of starlike and convex functions contain several important subclasses
that have been widely studied by various authors (see, for example, Kargar et al.[24] and Mahzoon[30]).
Theorems 3 to 15 provide sharp bounds for |T,(p + 1)| and |T;(p)| within certain subclasses of these
families. These subclasses, referred to as Janowski starlike functions and Janowski convex functions,

were originally introduced and analyzed by Janowski[21]. The series expansion of yi(z) = LAz Ieads to
the following representatlon
Y(z):=

which implies B; = (A — B) and B, = —B(A — B). If |A — 2B| = 1, then for f € S; 4[A, B],

2(A — B)2 2
|T2(p+1)|5[m;2(pT)[<u(A B) - > +[213
q

+ Az
_1+(A B)z + B(B — A)z? + B2(A — B)z3 + -

and for f € C, 4[A, B], we have

[pl5(A—B)* [[2]5[2 +pl} [1o]2
IT2(p+ 1)l < Zp[(24]<12+p [ [i+p qzlgA2
_ 2Dl <E+ 1>AB+B2<1+E+2[2]Q>].
q? \ P qP qP

If B < min{(A — 1)/2,(3A — 1)/2}, then for f € 87 4[A, B], we have

[p]4(A—B)? [p] [p]
ITs(p)l <1+ gzpi[z]é[z[z]g + (q—pq (A—B) — B> (q—pq (2[2] - 1)(A—B) + B>].

If (A+B) = 0and B < (A— 1)/2, then for f € C, 4[A, B], then
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2[pl4(A — B)?
Tyl < 1+ 2DJa(A ~ B

2P[p +1]3
[P14(A — B2 [ /[Pl [Py (2[214[P + 2] P12
+m+m[aqK__“ - )(E?< b+ 12 _1%A_m+3ﬂ'

Yz)=a+(1-a)e’,(0<a<l)

The Taylor series expansion of { is given by
1 1
V(@) =a+(1-aer=1+(1 —0()2+E(1—0()z2 +€(1 -z + -
shows that B; = (1 —a) and B, = (1 — «)/2. For 0 < a < 1/2, then for f € S 4 [a + (1 — a)e?],

[ q(l_a) )

Lo+l =
q

1 2
(—(1— ) + ) +[21%
and

2 1— 2
ITs(p) <1 +%[2[2]3 [[p—(l -+ H (2Rl 1)1 - ——”
q
For f € Cpqla + (1 — a)e?], we get
[plg(1 — 0)?
q*P[2]5

1 1\2 2]2
IT,(p+ 1| < TEE (Q( -+ ) L ]

and

ITs(p) <1+

[ple(1 — a)? [ 2[213
q?P[2]Z  [[p+113

;[p_ 3 p]q< [p+2]_) 3 _1]
+[p+2]q[qp( D+ H [p+1]2 1)a=o=3

For a=0,p=1and q- 17,f e §*(e%), we obtain the bounds |T,(2)| < 25/16 ~ 1.5625 and |T;(1)| <
63/16 = 3.9375. Similarly, a« =0,p=1 and q—- 17, fe c(e*), we have |T,(2)| <5/16 = 0.3125 and
IT;(1)| < 25/16 ~ 1.5625.

3.3 Y@=y (2) =1+ (4/3)z+ (2/3)z% (z€U)

A function f belongs to the class S (U (2)) if ZinE?

P (W): = {x +iy: (9x% + 9y? — 18x + 5)% — 16(9x? + 9y? — 6x + 1) = 0}. The
class Cp q:= Cpq(Wc(z)) serves as the convex analogous of the class mentioned above. Geometrically,

qzDq(Dqyf(2))
Dqf(z)

lies in the region Q. bounded by the cardioid i.e.,

this means that a function f belongs to the class Cp q(W(2)) if ﬁ(l + ) lies in the region Q.
q
bounded by the cardioid i.e.,
Pe(W):={x+ iy' (9x? + 9y? — 18x + 5)? — 16(9x% + 9y? — 6x + 1) = 0}. When
Spabe(@), it follows that - q ')

@ <1+ (4/3)z+ (2/3)z*> which yields B, =4/3 and B, =2/3. And
therefore

2

Mol (s£5%94-3)

T. 1 36 d
IT,(p+ DI < 81q2P [2](2] + an

ITs(p)l <1+

32[p)2 4[p]? [p] [p]
9q2pq 81[2]3:1% (3 8(1_"q> <8q_"q (21214 =1) - 3) for Spale(@)
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whereas

ot (02 3) 5 )

= 81qwk[p+2]a[215 MTESE ) and

IT(p+ DI <

32[pl§
9q2P[p + 113
4[ple 34 gPla [plq 8@ 2[p + 2]q[pl4[2]q
81[2]39%P[p + 213 qP qP [p +1]2
Y(z) =Ysingy:=1+sinz,(z€UW)

ITs(p)I <1+

- 1) - 3] for Cp, q(Wc(2))

By writing the Taylor series expansion for sin z, we have yi(z):= q;(sin p=1+sinz=1+z —%z:" +

%zs + . Thus, B; =1 and B, =0 which implies [T,(p+ 1)| < [plg ([nglqu + 1) and [Tz(p)l <1+
[p] [Pl [p13
[ + e qu — 1)] for fe Spq(llem () Similarly we can obtain |T(p + 1)| < (m+

[p] 2 [p1§ [21q[pI[p+2lq _ _
) and [T ()l <1+ a7 T [p+z]2[2]éq2p( [p+1]2 )] for € Cpa(Wsin )

[p+1]2
3.5 Y@ =Yo@):=z+JV1+2z2(z€W)

Dqf(z) qzDq(Dqf(2))
Both f€ Spq(¢) and feC q(qjo)consst of functions for which = Plaf@ ol (1 + o

) lie in the
leftmoon region Q(C), defined as
P(C(U)) = w € C:|w? — 1] < 2|w]|. Hence, we can conclude that

1 1
L|JO(Z):=Z+\/1+ZZ=1+Z+§Zz—§Z4+"'

Therefore, B, = 1 and B, = 1/2 which immediately yields

[Pl [ 1 P13\’
|T2(p+1)| S4q2(:) ﬁ<1+2q_;> + 4
[p] [p]é [plq

Similarly, fe Cpq(q;o)|mpl|es —(1 + m) <z++V1+1z2%, and therefore we have |T,(p +1)| <

Dqf(z)
[plg 1 [p13 1
o [4[p+21é[215(1 +2 ) + | 2

and

) [2%(2[2](1 -1)— 1] for f € 87 (V).

[plg
q*[p+1]?

(o] ( g ){ [plq <2[p]a[p+21q[21q_ >_ ]
Taprzzzeee e )P e T e YT

ITs(p)l <1+2

$@ = b@:= 1+ (log %), z e w).

The parabolic starlike class Sj4(P) and the uniformly convex class UCV, q(P), derived from the Ma-
Minda class of starlike and convex functions by replacing
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V() = 1+2<1 +\F> _ .8, 16 , 184
Z):= — | 10 —SLZT 52
g1 \/— 2

34 ..
32 45m2” +
This yields B; = 8/m? and B, = 16/3n? and thus we get

[p12 [16 64[plq]® 16[pl3 128[p]a
< Y <
|T2(p + 1)' = [Z]équ 31_[2 qu[4 qu 4 d |T3(p)| 1 + q T[4'
256[p]? 12[plq [12[plq(2[2]q — 1) X
9q2P[2]én4 1+ PTG T — 1| forf € 87 4(P)
256[p]4 12[p]q]? 64[pl4
For fEUCYq(P). we got |T(p+ DI < gromblor 1+ 0] + 5n s and Tyl <1+

128[p]3 256[pl§ (1 12[plq )[12[P]q( [pl3[2]qlp+2lq 1) _ 1]_

q?P[p+1]dm*  9q?P[p+2]3[2]5m* qPm? J | gPm? [p+1]?

W@ = Waimo@:= 1+ (log %), 2 e w).

This i(z) is associated with the limacon (4u? + 4v? — 8u — 5)2 + 8(4u? + 4v? — 12u —3) and in this case,

2
we have B; =2 and B, = % Hence, for f € §j 4(lim(z)), we obtain [T,(p + 1)| < » zp [[2]2 (1 + 4[p] ) +

ki | ol [Ple) [, [P N

8 and Tl < 1+ 450+ onts qp(1+4—qp)[ (212 -1) 1]
. [p]q 8

For feCyq(lim(z)), we have |T2(p+1)|_4q2p e (144 ) +[p+1]é] and |Ts(p)l <1+

[p]§ [p]§ (2[p]q[p+2 al2lg )
q?P[1+p]? + 4[p+2]§,[2]§,q“’ 1 + 4 [4 [p+113% 1.
3
Y(z) = Pp(Ne(z)):=1+z —z;, (z €W).
The function Y, q(Ne(z)) =1+z —i maps the unit disk into the interior of the 2-cusped kidney-shaped
[elg + 1) and

[213a?

2
nephroid. In this case, we have B1 =1 and B, = 0, which leads to [T,(p+ 1)| < (

T < 1+25 [2 o = 5 (2[2], - 1)] for f€ 53(Ne(2)). For f € C,q(Ne(2)), we obtain |T,(p + 1)| <

@( (o3 ) 2 PR (22lglpPlp+2ly
P [p+213[213qu+[p+112 and IT;(p)| < 1+ 25 o [p+1]é+[p+2]2[2]éq2p( [p+1]? o)t

3.9 ¥Y(z) = Pearq (2): =1+ z€% (z € U).

Both §; 4(card(z) and KC consist of functions for which

quf(z) L( qzDq(Dqf(z)
[plqf(2) [plq Dqf(z)
onto a cardioid domain. We can derive the following estimates:

)) map the unit disk

* [pl3 [p] 2[pl3 [pl§
For fesp (card(z):ITz(p+1)|S%[i(1+ pq +1] |T3(p)|<1+ =+ Plg (1_|_

[212 aP P2
[p]
qp)[ Play 2]q—1)—1]
[p] [plq)2

[plg [@(zmq[pmq[pla_ )_ ]
qp) qP [p+113 1 1

1
[p+1]3

2[p]§ [pl§ (

[ and mr <1+ ZE b

Yz) =yYc(z):=v1l+1z (zeUW).
Both ;5 4(C(2)) and €} 4(C(z)) consist of functions for which

quf(z) 1 ( q2Dq(Dgf(2))
and —(1+—F———
[Plaf(2) Iplq Dqf(2)

disk onto the right half of the lemniscate |w? —1| = 1. We can derive the following estimates: For
$pa(C(2)) :
P4

) map the unit
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2 2
IT,(p + D) < 6[531210 [[2]q< E;]q - 1) +16|,

2
o)l < 1+ 1008l (2[p]q—1)[22i]q(2[z]q—1)—1]_

2% 64[2]2q% \ P
[pJ4 1 2plg _ .\*, 16 _plg
For C3a(CE): ITy(p + D] < 1% [[p+215[215( s _ 1) +[p+1]é], ITs(0)] < 1+ o +

P13 2lplq _ [% (M_ )_ ]
s4[z]§lq2p[p+z]§l( QP 1) qP [p+1]5 =1}

V() =Yc(2):= 7= ZEW).

The modified SIngId function qJC: maps the unit disk U onto the domain Agg:= wE€E

+e~2Z

|10g ( )| < 1, which is symmetric W|th respect to the real axis. Moreover, the function G(z) defined
by Y is convex and starlike with respect to G(0) = 1.In addition, G(z) has a positive real part in U.
Consequently, G(z) belongs to the Ma-Minda class of functions. As a result the classes S; pq(G) and

Cp,q(G) naturally form subclasses of Sj () and C, q(). We denote these subclasses by Sp ,(SG) and
q f(z)

Cp,q(SG). Form an analytical viewpoint, a function f € S7 ;(SG) if and only |f lies in the region ASG.

plqf(z)
3
Making use of the expression HL_ 1 +——i—2--~, we can deduce that, B1 :E’ B2 =0,|T,(p+ 1| <
L Ty o)l = 14+ BECEICD gy o s ITs(p)l <1+
16[2]30%P 4q2p’ 3P 2g?* T 16q*P[2]3 2(P 4qu 4[p+213[2159%P [p+1 P
[p1§ [p1§ ([Zlq[p]q[p+2] _ ) ; :
2Pl | T6q 2R P2l p+1E , for our starlike and convex function classes.

Conclusion

In this paper, we studied Toeplitz determinants for g-starlike functions (Sp*,q(cp)),q-convex
functions (C’p,q(qo)), and g-bounded turning functions (Rp,q((p)). We obtained four main results. Theorem
1 gives a sharp bound for T, (p + 1) for g-starlike functions. Theorem 2 gives a sharp bound for T,(p + 1)
for g-convex functions. Theorem 3 gives a sharp bound for T;(p) for g-starlike functions. Theorem 4 gives
a sharp bound for T;(p) for g-convex functions. All four bounds are sharp, meaning they cannot be
improved. When q — 17, our results reduce to classical known results, confirming our work is a natural
extension. We also found a duality between starlike and convex functions, where the convex bound is
smaller than the starlike bound for large p. For practical use, our bounds apply to signal processing
(worstcase prediction error for g-deformed filters), quantum information (maximum entanglement
bounds), and finance (volatility persistence for risk management). Future work includes studying higher-
order Toeplitz determinants, applying the same method to other g-classes, and testing these bounds with
real data. In summary, our results are new, rigorous, and useful for applications in engineering, physics,
and finance.
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