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CONTROLLER DESIGN BY USING MODEL ORDER REDUCTION TECHNIQUES
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ABSTRACT

Modeling of physical systems usually results in system of higher order generally greater than
two. Design of controllers for such physical system becomes tedious when system order is high. So, it is
desirable to approximate these models by reduced order models. In this paper a reduced order model is
obtain by Modified Cauer Form and factor division algorithm. The controller is designed for the reduced
order model and is connected in cascade with the original system to obtain the desired specifications.
The proposed method assures the stability of the system under the reduced order model case. The
proposed method is illustrated by a numerical example.
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Introduction

The quality of a reduced order model is judged by the way it is utilized, and the degree of its
success in representing the desired characteristics of the system. One of the main objectives of order
reduction is to design a controller of low order which can effectively con effectively control the original
system high order system so that the overall system is of low order and is easy to understand. It is thus
important that the model order reduction methods should reduce the high order controller to a low order
controller without incurring too much error. Model reduction is based on

open loop considerations while closed loop stability performance is of main concern in controller
design. Pade approximation [1,2] is the method of model order reduction of the higher order system. This
gives the simplification of a model after converting it into a reduced order model. A different approach
can be used to simplify a model which results are stable model. In this approach the numerator
coefficients can be obtained by factor division method [3,4] and denominator coefficients can be obtained
by modified cauer form[5,6]. Several methods [7, 8, 9, 10 and 11] have been developed for designing a
PID controller.

In this paper a simple algebraic scheme is proposed to design a PID controller for Linear Time
Invariant Continuous System. The closed loop transfer function of the reduced order models with PID
controller are compared with the reference model transfer function in frequency domain.

Statement of the Problem
. PID Controller Transfer Function
PID controller can be mathematically represented as[12],

u(O) = Kle(®) + 5, fj e(de + Ta SG)

Where u(t) and e(t) denotes the control and error signals of the system. is the proportion gain,
and represents the integral and derivative time constants respectively. The corresponding PID controller
transfer function is given as

* Research Scholar, Shobhit University, Gangoh, Uttar Pradesh, India.
- Professor, Shobhit University, Gangoh, Uttar Pradesh, India.



Akhilesh Srivastava & Jasvir Singh Rana: Controller Design by using Model Order Reduction Techniques 109
Ge(s) = k[1 + % + Tys](2)
Equation (2) can be rewritten as
Ge(s) = ky + 2 + k35(3)
k1, k2 and ks are represents the proportional, integral and derivative gain values of the controller.

. Higher Order Transfer Function

Let higher order system or process whose performance is unsatisfactory may be described by
the transfer function

G (S) = NGs) — a0‘"31S+azsz.;....a“_lsn_l(ll.)
n D(s) bo+bys+bysZ+---bys?

and a reference model having the desired performance is given.
. Lower Order Transfer Function

To find a k™" lower order model for the above continuous system, where k< n in the following
form, such that the lower order model retains the characteristics of the original system and approximates
its response as closely as possible for the same type of inputs.

_N(S) _ coteisHepstacysit,
Ri(s) = D(s)  dotd;S+dasitedysk )
Where, c¢j and dj are scalar constants.
Objective is to derive a controller such that the performance of the augmented process matches
with that of the reference model. To reduce the computational complexities and difficulties of

implementation, the higher order of the system is reduced into lower second order system. And PID
controller is also derived for reduced order system.

Reduction Method
The reduction procedure for getting the k'-order reduced models consists of the following two

steps:
. Step 1

Determination of the denominator polynomial Dm(s) for the k"order reduced model by using
modified Cauer form [8]: The brief procedure for getting Dk(s)using modified Cauer form is as follows:

=  The given higher order system Gn(s)

=  Without loss of generality, the coefficient of highest power of s" equations (1) & (2) can
always made unity and numerator is one degree lower than the denominator.

Gn(s) can be expanded into a Cauer type continued fraction about s=0 and s=co alternately as

follows:
1
G”(S) ~ ai1, s
b11 ' bin 1
bzntazl_ s
b21 b2,n-1, 1
L7 e S,
Where
aq1b bina
azi= anp—+%; b, = by, — 22
b11 Aazn
_ ay1bin _ binQyn-1
Ayn-1 = Q1n — P b2,n—1 = bl,n—l i
11 2,n
azn =1

By continuing the above sequence of expansion we get the following form

1
Gn(S)hl-l‘—s 3)
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Where the quotients hy, ha,............. Ho,Hi1..... are evaluated from the following modified array
aii aiz ain-1 ain 1
b1 b1z b1,n1 bin
azi az2 azn-1 1
b21 b22 b2,n-1
asi asz 1
............................................ \
bn-11 bn-12
an,1
b ’
1
a a an
hlzﬁ h2=ﬁ , h, = bnj J
Hy =byy €))
H, = bZ,n—l
Hpq =by_1;
Hyp =by;

Here the coefficients in equation (1) form the first two rows and remaining elements starting with
third row are obtained from the recursive relations.

Qj+1,k=a,k+1-hjbj k+1

\
and
bi+ik=bjk-Higjr1k  j=1,2,0 i, n-1
a‘r
where  hj = ﬁ ) >
b; s
Hy= 2" e 12, i
Aj+1,n+1-j
J

It is to be noted that the end elements of all the odd rows can be written directly as
ALN+1=82,n=83,N1 e eeeeeeieeeiineeeannss =an+1,1 =1

A reduced model of order m, is obtained by truncating equation (3) after the first 2m terms and
inverting it to yield the transfer function formed out of the values of the quotients hj and H; derived in
equation (4) is done by constructing the inversion table as follows

ail > N \
b11
an 1 X
b21 b2z
) J >
3\
am,1 aAm,2..eenenns am,m-1 1
bm,1 bm2......... bm,m-1 bm m(6) ¢
< Am+1,l Am+L2eeeennnns am+1m 1
b
H =%t p =21
m b1y m az1 / j
1 —bu
Hm—l - by ' hm 1= asy
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Starting with ani=1, the elements of the 2", third and subsequent rows are evaluated

recursively from.

aj+1,1= hm+14.0j,1 B2, m
aj k= aj-1k-1+hm+2j bj-1,x K=2,3,. e -1
and bj,k=bj.1 k+Hm+1 ajk 72,3 m
k=1,2...ccis j-1
It is also evident that the end elements can be written by inspection according as
a;=1 =12, m+1 (7)
bji=Hm+1- =12, m }

There must be (2k+1) rows in complete array. The required denominator of the reduced order

model equation (2) can be written from (2k+1)" row of the array as

follows:

Dk(s)=s*+ak+1kS*+......ccoonll ak+1,2S+ak+1,1

Step 2

Determination of the numerator of k™" order reduced model using Factor Division algorithm [11]

After obtaining the reduced denominator, the numerator of the reduced model is determined as
N(s) N(s)

Ni(s) = 2 = Py = %(8)

Where D«(s) is reduced order denominator
There are two approaches for determining of numerator of reduced order model.
By performing the product of N(s) and Dk(s) as the first row of factor division algorithm and D(s)

as the second row up to s¥! terms are needed in both rows.

By expressing N(s)Dk(s)/D(s) as N(s)/[D(s)/Dk(s)] and using factor division algorithm twice; the

first time to find the term up to sk in the expansion of D(s)/Dk(s)(i.e. put D(s) in the first row and Dk(s) in
the second row, using only terms up to sk?1), and second time with N(s) in the first row and the expansion
[D(s)/Dk(s)] in the second row.

Therefore the numerator Nk(s) of the reduced order model (Rk(s)) in eq.(4) will be the series

expansion of

NGs) _ Zhdest

D(s) — EI;_O disi (9)

Dk(s) =0

About s=0 up to term of order sk-1,

This is easily obtained by modifing the moment generating[14].which uses the familiar routh

recurrence formulae to generate the third, fifth, and seventh etc rows as,

e @ < 9o g1 g2 tee v e e k-1
0 ho hO h1 hz- EOTTRT T hk_1
_ l() lo ll lz TR R lk—2

T Shy hy Ry hyes
= ﬂ < mog My My .. Mmp_3
2= She My Ry hyg
o = Po __Po D1
k=2 hy ho M
90 _ 4o



112 International Journal of Global Research Innovations & Technology (IJGRIT), July-September, 2023

Where
li = giy1 —Ko* hi+1,i:O,1,2, ...........................

m; =l = x by ,i=0,1,2.
Po =DP1 —Xg— Iy
Therefore, the numerator N, (s)of eq.(2) is given by
Ny(8)=2{Z5 «; s'(10)
General Algorithm for Designing the PID Controller
. Step 1

Construction of a reference model M(s) on the basis of specifications whose closed loop system
must approximate to that of the original closed loop response. Let it be specified as:

_Ao+a S+t @y S™
M(s)_b0+bis+---.............+bnsn\ll)
. Step 2

Determine an equivalent open loop specification model M(s)

— M
M) = 17505(12)

. Step 3
Specified the structure of the controller
Let the controller structure is given by

Re(S)= Go+q1 S+ ety St (13)

. Step 4

For determining the unknown controller parameters, the response of the closed loop system is
matched with reference model as

R(S)R,(s) = M(s)

M . i
Re(s) = &3 = o eis' (14)
Where ej are the power series expansion coefficients about s=0.
. Step 5

Now the unknown control parameters pi and g; are obtained by equating the equation (13) and
(14) in Pade sense

Po=Qo€o
P1 = qoe1 T G160
P2 = qoez + q1e1 + g2€

Pi = qo€; + q1€i—1 + - . g€
0=qo€i+1 + q16: + . qi160

0 =qoeit+j + qreivj—1 + . q;€0
The controller having the desired structure is obtained by solving above linear equations
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. Step 6
After obtaining the controller parameters, the close loop transfer function can be obtained as
R. = Rc(s)Rk(S)
T 1+ R(SR(5)
Numerical Example
The proposed method explains by considering numerical example, taken from the literature.
Example: Consider sixth order system
72 + 54s + 1252 + 53
100 + 180s + 97s% + 18s3 + s*

G(s) =

. Step 1

The denominator of reduced order model R,,(s) can be evaluate using equation for m=2. Make
modified Routh Array & evaluate the quotientsh,, h,,h; and H; H, ,Hs.

Modified Routh Array

100 180 97 18 1
72 54 12 1
105.048 80.344 16.612 1
—33.048 —26.344 —4.612
—3.377 1.955 1
—48.622 —17.327
3.150 1
5.958
1
100 1
h1=7 = 1388, H1 I =1
105.048 4.612
2= 33005 = " 3178H2 = ——— =—4.612
—3.377 —17.327
= “igezz = 0069 = — " = -17.327
3.150 5.958
4-Zomg = 0-528 Hy =—7— =5958

With the knowledge of the first four quotient (m=2),

4.612 and with the help of equation construct the inversion table as follows

Inversion Table

1
—4.612
14.656 1
10.044 1
13.941 16.044 1

h,_ 1.388, H,_ 1, hy. —3.178 , H,_ —

Hence the denominator D,(s) of the reduced order model R,(s)is obtained as:
D,(S) =s% + 16.044s + 13.941
. Step 2
Now using the factor division method the numerator of reduced order model is given as
Consider D,(s)/D, (s) given

B 100 180

%= 1173 <13041 16.044
B 64.916

x, = 4.656 < 13.941

D4(s)/D, (s) = 7.173 + 4.656s
Now considering N4(S)/D, (S)/D5(S)
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B 72 54

Xo=10037 < ;173 4656
B 7.267

« = 1013 <207

Thus, Reduced Numerator is given as N, (s) =10.037+1.013s
Thus, the Reduced model is given as:
10.037 + 1.013s
R2()= 13941+ 160885 + 52
PID Controller Design Using Reduced Order Model

Consider a reference model

4.2425+25
M(S)=———
( ) s2+7.07s+25

The equivalent open loop transfer function is:
___ 4.242s+ 25
M) = 532828
The reduced controller transfer function is:
M(s)
R.(s) = R, (5)
12.278 + 10.634s — 1.992s2
- S
It is compared by PID Controller transfer function.

K,
=K; +?+ K; (S)

And the value of controller parameters are obtained as:
K, =10.634, K, =12.278 K; = —1.992
Thus, corresponding closed loop transfer function is:
R
c(8) * Ra(s)
5.223s2 + 22.38s + 16.2
T $3+9.214s2 + 23.38s + 16.2

Step Response
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Fig.1: Comparison between Step Response of Original Plant and Reduced Order System
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Fig. 2: Comparison between Step Response of Reference Model and Close Loop System

Table-l: A comparison of different parameters of original plant(G(s)), Reduced Order
Plant(Rz(s),and closed loop system(Rci(S))

Sr. No. Parameter G(s) Ra(s) Rei(s)
1 Rise Time(Sec) 2.3149 2.2600 0.3015
2 Settling Time(Sec) 4.0227 4.0022 1.13
3 Peak Time(Sec) 7.7084 7.82 0.70
4 Overshoot 0 0 6.02
5 Peak 0.7196 0.74 1.02
Conclusion

In this proposed order reduction method for the linear single-input-single-output high order
systems, the determination of denominator polynomial of the reduced model is done by using the
Modified Cauer Form while the numerator coefficients are computed by factor division method. After that
PID controller has been design for reduced order model. The proposed algorithm has been explained
with a numerical example. A comparison of the step responses of the original and reduced system of
second order are shown in the Figure 1 and a comparison of the step responses of the reference model
and close loop reduced order system after including PID controller in loop is shown in figure 2. Table-I
gives the comparison on the basis of various parameters of original plant and second order reduced
model and closed loop responses. This method is simple, proficient and takes little computational time.
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